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Abstract

General Relativity (GR) is the unique theory of a massless spin-2 field (the graviton) with
two propagating polarisations (degrees of freedom). Modifications generically activate further
degrees of freedom of the spin-2 field, and may introduce ghost modes (whose energies are
unbounded from below, representing a breakdown of the theory). But these modifications are
essential. Consistently extending GR in a healthy (ghost-free) and physically meaningful way
allows: a solution to the cosmological constant problem; counterhypotheses for precision tests
of GR; and may reconcile GR with quantum theory. In this report, I present the natural
extension of GR to a theory of massive gravitons (dRGT massive gravity), and describe
techniques for analysing the active spin-2 degrees of freedom (ADM constraint analysis and
the decoupling limit). I study how to couple external matter fields to these gravitons, and
find surprisingly few ways to do this without introducing inconsistencies in the theory—the
coupling has only one free parameter per spin-2 field. While GR and massive gravity have
been studied elsewhere, here I present a novel construction of the latter in terms of symmetry-
preserving field transformations. My coupling to matter results have appeared only recently
in the literature, and so the analysis of this, still largely unexplored, sector of gravity theories
represents the state of the art.

1 Introduction

1.1 Background and Motivation

Since its inception in 1916 [1], Einstein’s theory of General Relativity (GR) has become
our most complete and successful theory of gravity, describes how matter interacts over
cosmological distances. Through extensive study, various formulations and consequences of
GR are now well-understood and experimentally verified. Alongside quantum field theory
(QFT), GR forms a cornerstone of 21st century physics—enjoying both empirical success
and elegant mathematical structure.

However, we know GR to be lacking in some key respect. At a fundamental level, the non-
renormalizability of the theory makes it incompatible with QFT [2]. At a phenomenological
level, the Standard Model and GR together predict a decelerating Universe—however, the
Universe appears to be accelerating [3]. This can only be explained in GR by postulating a
small non-zero cosmological constant, which no model can satisfyingly predict at present [4].

Modifying GR is therefore not only a valuable academic exercise—fully describing all
classically consistent spin-2 field theories is a well-posed and interesting open problem—but
may also remedy GR’s shortcomings. In QFT, renormalization can be easier in theories
with more active degrees of freedom [5], motivating a theory in which GR’s graviton acquires
a mass. Further, massive gravity provides answers to the cosmological constant problem.
The theory admits self-accelerating cosmologies [6], which naturally explain the observed
acceleration. Another desirable feature is degravitation, a screening of any cosmological
constant, reconciling the anomalously large vacuum energies predicted by QFT with those
inferred from the Universe’s acceleration [7].

From an experimental point of view, in the coming decade we will see multiple preci-
sion tests of GR [8]. It is important that we understand whether the experimental results
are uniquely predicted by GR, and if any discrepancies in the data may be pointing us to
an alternative theory. This requires a clear understanding of the other possible consistent
theories of gravity.

Modifying our existing theories is also interesting from a philosophical standpoint. Ox-
ford’s Deutsch and Vedral have recently championed the idea that physical theories should
be understood in the language of thermodynamics [9]. Just as Carathéodory’s second law
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forbids transitions between system states, the same seems true of our physical laws—as they
advance and develop, they seem more and more tightly constrained.

“The ultimately ‘correct’ theory of physics—the logically tightest—is the one from
which the smallest deviation gives us something that breaks those taboos.”

– Vlatko Vedral, [9, p3]

Put simply: Any final grand unified theory should be, in some sense, unique. With these
thoughts in mind, it is of great interest to establish just how constrained GR and its mathe-
matical structure really are—what modifications, if any, are allowed?

1.2 Project Aim

A central aim of the community is to construct the most general, classically consistent, theory
of gravity. Formally, this amounts to writing down an action for one (or more) spin-2 field(s),
which is: local; Lorentz covariant; and free of ghosts. These spin-2 fields must also couple to
external matter (e.g. the Standard Model fields).

One may parameterise the theory space of possible gravity theories by the sectors shown
in Figure 1. Beginning from GR (a type of Lovelock gravity), I extend this to massive
gravity via symmetry-preserving transformations of the action. These results are widely
known, however their succinct derivation is novel. Then I use what has been learned from
this well-understood test case to derive new results in the matter sector of gravitational
theories. This advances the theoretical programme of finding classically consistent spin-2
field theories and will allow new empirical predictions to be made.

In order to do this, I require the following techniques:

(a) ADM foliation, which trades manifest Lorentz covariance for a Hamiltonian description
of the theory (in terms of canonical degrees of freedom and their conjugate momenta),

(b) Hamiltonian constraint analysis, which can identify the propagating degrees of freedom,
i.e. dynamical, physically measurable, quantities.

(c) Decoupling limit, which considers the corresponding low energy effective field theory.

1.3 Existing Literature

There have been many approaches in the literature exploring the different corners of theory
space (Figure 1). I cannot provide a complete overview, but some important recent progress
includes: f(R) theories [10] and reductions from higher dimensions [11] in the kinetic sector;

Figure 1. Schematic theory space for gravity actions, dividing into sectors the possible functionals
of the spin-2 fields, g(i), and external matter fields, Φ. Sectors which are relatively well-understood
are in dark text/boxes. Less explored areas are in red text/lighter boxes.
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Galileon dualities [12] and multi-gravity extensions [13, 14] in the potential sector; non-
minimal couplings in bigravity [15, 16] and multigravity [17] in the matter sector. For excel-
lent reviews, see [18, 19].

Alongside the exciting exploration of the (somewhat abstract) theory space, there have
been complimentary advances in understanding the cosmologies and phenomenology expected
from such modified theories [20–23]. These vital studies will allow future experimental ob-
servations to be compared with both GR and its modifications.

Here, the discussion will be guided by the historical development:

1916: Einstein [1] arrives at GR, a theory of a massless spin-2 field, through physical insight.

1971: Lovelock [24] generalises GR by constructing all suitable invariants of a single massless
spin-2 field, subject to various physical conditions (giving Lovelock gravity).

1972: Boulware, Deser [25] argue that any massive spin-2 interaction introduces a ghost.

2010: de Rham, Gabadadze, Tolley [26] find a ghost-free massive interaction (giving dRGT
massive gravity).

2011: Hassan, Rosen [27] naturally generalise dRGT gravity to a theory of two dynamical
spin-2 fields (giving massive bigravity).

2014: This research project finds new non-minimal matter couplings [17], alongside [15].
Einstein/Jordan frames defined in the matter sector [22, 28].

2015: This report provides a unified picture of Lovelock, dRGT (Hassan-Rosen), and non-
minimal matter couplings through symmetry-preserving transformations.

1.4 Report Layout

§ 2: I introduce the spin-2 field of GR, gµν , and its action, comprised of the only possible
invariants compatible with physically motivated demands. Using constraint analysis, I
demonstrate that only two degrees of freedom of gµν are propagating—the polarisations
of a massless spin-2 particle.

§ 3: I motivate a second spin-2 field, fµν , and argue that the Boulware-Deser ghost may
only be avoided by interactions which are related to those of GR by a linear field
redefinition. Using constraint analysis, I then show that the propagating degrees of
freedom are compatible with those of a massive graviton.

§ 4: I discuss how external matter fields are minimally coupled to both GR and massive
gravity theories, and then extend these to healthy non-minimal couplings (via a linear
field redefinition analogous to § 3). Using the decoupling limit, I then explore the active
degrees of freedom and their associated energy scales.

§ 5: I conclude with a short summary and suggest future work.

A number of appendices are included, discussing (A) requisite mathematical background;
(B) relevant ghosts; (C) uniqueness; and (D) algebraic details of the (more involved) ADM
and decoupling limit calculations. They are intended to make the report as self-contained and
comprehensive as possible, but may be omitted without weakening the qualitative discussion
of the main text.

Throughout the Einstein summation convention is implicit, where lower case Latin in-
dices i, j, ...a, b, ... run from 1 to D− 1, and Greek or upper case Latin indices µ, ν, ...A,B, ...
run from 0 to D − 1. The number of spacetime dimensions D = 4 unless otherwise stated,
with Minkowski signature (−,+,+,+). Natural units, in which c = ~ = 1, are used.

√
−g

should be read as
√
−det (gµν).
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2 General Relativity

2.1 Field Properties

General Relativity describes the dynamics of a field, gµν(x), with the following properties:

(i) Spin-2 Representation of the Lorentz Group,

Λ : gµν → Λ µ′
µ Λν

′
ν gµ′ν′ , (2.1)

(ii) Covariant Rank-2 Tensor,

F : gµν(x)→ ∂µF
µ′(x) ∂νF

ν′(x)gµ′ν′(F (x)), (2.2)

(iii) ‘Lives’ in 3+1 spacetime dimensions (i.e. defined on a (3+1)-dimensional manifold),

gµν =

(
g00 g0j

gi0 gij

)
, (2.3)

(iv) Symmetric,
gµν = gνµ. (2.4)

These properties give gµν the natural interpretation of a metric on a (3+1)-dimensional
spacetime manifold. For a brief primer on the relevant aspects of differential geometry, see
Appendix A.1.

The action1 S[gµν ] should have the properties:

(I) Lorentz invariance,
S[gµν ] = S[Λ : gµν ], (2.5)

(II) Coordinate (or ‘Diffeomorphism’) invariance,

S[gµν ] = S[F : gµν ], (2.6)

(III) Local,
S[gµν ] 6⊃ f(x, x′), x 6= x′ (2.7)

(IV) Yields equations of motion (at most) second-order in field derivatives,

S[gµν ] 6⊃ ∂ngµν , n ≥ 2. (2.8)

These ensure that the resulting physics is Lorentz covariant, generally covariant, has no
‘action at a distance’ (respects causality), and is free of the Ostrogradski ghost [30] (see
Appendix B.1). Imposing these requirements turns out to be remarkably restrictive. For
example, (II) imposes a tensorial structure—but most näıve index contractions give trivially
fixed numbers (∇µgµν = 0 and gλλ = 4).

2.2 Lovelock Invariants

Insisting on properties (i)–(iv) and (I)–(IV), the only possible non-trivial actions are [24],

S
(n)
Lovelock =

∫
dDx
√
−g εµ1···µDεν1···ν2nµ2n+1···µDRµ1ν1µ2ν2 · · ·Rµ2n−1ν2n−1µ2nν2n , (2.9)

where ε is the Levi-Civita tensor. Physically, these are integrals over an invariant volume
element, d4x

√
−g (A.1), of some combination of the Riemann curvature, Rαβµν (A.5).

1I implicitly assume that an action exists, that the dynamics are described by a functional of gµν and
derivatives. This is not always the case, for example in D = 2 conformal field theories [29].
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In D = 4, there are only two non-trivial2 Lovelock invariants [31],

Volume term, S(0) ∝
∫
d4x
√
−g,

Einstein-Hilbert, S(1) ∝
∫
d4x
√
−g R.

(2.10)

Their relative (constant) coefficients are conventionally denoted by,

SGR =
M2
g

2

∫
d4x
√
−g R+ Λ

∫
d4x
√
−g, (2.11)

where Mg ≡ (8πG)−1/2 is the (reduced) Planck mass, and Λ is a cosmological constant.
To verify that this is indeed a faithful representation of Einstein’s General Relativity,

consider the explicit equations of motion. Variations in the action (2.11) may be written [32],

δSGR =
M2
g

2

∫
d4x

(√
−g δR

δgµν
+R

δ
√
−g

δgµν

)
δgµν + Λ

∫
d4x

(
δ
√
−g

δgµν

)
δgµν

=

∫
d4x
√
−g

{
M2
g

2
Gµν − Λ

2
gµν

}
δgµν + boundary terms.

(2.12)

Applying a principle of stationary action yields Einstein’s vacuum equations,

M2
gGµν ≡M2

g

(
Rµν −

1

2
Rgµν

)
= Λgµν . (2.13)

Einstein’s equations are highly nonlinear, and exact solutions are infamously difficult to
find [33]. This makes the propagating degrees of freedom difficult to identify and analyse
directly. Instead of attempting to solve the equations of motion, it is more illuminating
to recast the action (2.11) in ADM variables—sacrificing manifest Lorentz covariance for a
(more accessible) Hamiltonian description of the system. This is a valuable exercise, as the
active/dynamical/propagating degrees of freedom correspond to the internal particle states
(polarisations) of the quantised field.

2.3 Particle Content

Below I demonstrate that, given the action (2.11), only two of the gµν degrees of freedom are
active. The spin-2 field gµν thus describes (on quantisation) a massless spin-2 particle, with
only two polarisation states (helicity ±2).

2.3.1 Metric in ADM variables

Any (globally hyperbolic) (3+1)-dimensional spacetime manifold, M , can be foliated [34],

M(3+1) → Σ(3) × R, (2.14)

where the Σ are 3-dimensional spacelike slices taken at constant coordinate time t ∈ R. The
distances between points xk on a given surface Σ|t are defined by the spatial metric hij(t, x

k).
In order to map the points of one Σ|t onto the next, Σ|t+dt, the shift vector N i(t, xk) is

used. As shown in Figure 2,
xi|t+dt = xi|t +N idt, (2.15)

2Note that while the n < 0 and n > (D+1)/2 invariants are identically zero, n = 2 yields a total derivative
boundary term [11]—the Gauss-Bonnet term (C.1). Such terms do not affect our equations of motion.
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Figure 2. The mapping of one spatial surface (at time t) onto the next (at time t+ dt). The lapse
and shift, N and N i, smoothly stitch the separate 3-spaces together.

where x|t and x|t+dt belong to the surfaces Σ|t and Σ|t+dt respectively. The proper time
experienced by a comoving observer, dτ , is defined via the lapse function, N(t, xk),

dτ = Ndt. (2.16)

The invariant spacetime interval in this formalism is therefore,

ds2 = − (Ndt)2 + hij
(
dxi +N idt

) (
dxj +N jdt

)
, (2.17)

which can be understood as the lapse (N) and the shift (Ni) stitching together the spacelike
slices (hij). This gives the metric in ADM variables [35],

gµν =

(
−N2 +NkNk Nj

Ni hij

)
. (2.18)

The ten free components of the symmetric gµν are replaced by the lapse N , the shift Ni

and the six free components of the symmetric spatial metric hij . Diffeomorphism invariance
allows us to fix four of these components by our choice of coordinate system, and so generally
we speak of the metric having six degrees of freedom. In order to establish which of these are
dynamical, the action (2.11) must be rewritten in ADM variables.

2.3.2 Propagating degrees of freedom

Deferring the algebraic details to Appendix D.1.1 for the interested, I simply quote the result,

SGR =
M2
g

2

∫
d4x

(
Πij ḣij −NC −NjC

j
)
. (2.19)

Πij is the conjugate momentum of the spatial metric hij , and ḣij denotes a time derivative.
Performing a Legendre transformation gives the Hamiltonian (up to an overall constant),

H = NC +NjC
j . (2.20)

The lapse, N , and shift, Ni, are Lagrange multipliers, which impose the constraints [36],

∂H
∂N

= 0 =⇒ C ≡ −
√
h

(
R(3) −

2Λ

M2
g

)
− 1√

h

(
1

2
Πi
iΠ

j
j −ΠijΠij

)
= 0,

∂H
∂Nj

= 0 =⇒ Cj ≡ −2Di

(√
h Πij

)
= 0.

(2.21)

where R(3) is the spatial 3-curvature (D.7), and Di is the exterior derivative (D.8).
Four constraints leave only two (of six) modes propagating. Thus there are only two

active degrees of freedom in GR’s gµν , consistent with the two orthogonal polarizations
(helicity ±2) of a massless spin-2 particle.
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3 Massive Bigravity

The simplest way to generalise theories of gravity from SGR (2.11) may seem to be relaxing
at least one of the properties (i)–(iv) or (I)–(IV). These approaches are an active area of
research, and are described in Appendix C. Wishing to keep our physically well-motivated
criteria, instead notice that Lovelock’s interactions are the unique theory of a single spin-2
field. In principle one could construct other healthy terms using a second spin-2 field, fµν .

3.1 Field properties

This second field, fµν , should have the same metric properties as gµν , namely correct transfor-
mations under Lorentz and coordinate transformations, (3+1)-dimensional, and symmetric.
Symmetric rank-2 tensors admit vielbein decompositions,

gµν = E(g)
A
µ
E(g)

B
ν
ηAB, fµν = E(f)

A
µ
E(f)

B
ν
ηAB, (3.1)

where A,B are internal Lorentz indices, raised and lowered by the Minkowski metric ηAB.
This introduces an additional gauge freedom,

E A
µ → Λ A

A′E
A′
µ =⇒ E A

µ E
B
ν ηAB → E A′

µ E B′
ν Λ A

A′Λ
B
B′ηAB = E A′

µ E B′
ν ηA′B′ . (3.2)

In many cases theories take on a much simpler form when written in terms of vielbeins rather
than the metrics themselves [37]. For example,

√
−g = det

(
E(g)

)
.

A second set of Lovelock invariants may be constructed using the Riemann curvature
associated with fµν , defined analogously as (A.5). Including these invariants in the action,

Sdec[gµν , fµν ] ∝ S(0)
Lovelock[gµν ] + S

(1)
Lovelock[gµν ] + S

(0)
Lovelock[fµν ] + S

(1)
Lovelock[fµν ], (3.3)

simply gives completely decoupled equations of motion—two copies of GR. This action now
has two copies of diffeomorphism invariance, one from each metric.

Note that fµν is so far an arbitrary auxiliary metric, and an equally valid second metric
would have been,

f̃µν =
(
βfE(f)

A
µ

+ βgE(g)
A
µ

)(
βfE(f)

B
ν

+ βgE(g)
B
ν

)
ηAB, (3.4)

which differs from fµν only by a linear field redefinition of the vielbeins. Sdec[gµν , f̃µν ] also
has two copies of diffeomorphism invariance (one from gµν and one from the independent

f̃µν), and gives two uncoupled copies of GR. Therefore the linear field redefinition,

E(f)
A
µ
→ E(f̃)

A

µ
= βfE(f)

A
µ

+ βgE(g)
A
µ
, βf,g ∈ R, (3.5)

preserves the symmetry group of a Lovelock action.

3.2 dRGT Interactions

Now consider building interaction cross-terms between the two fields. For example, gµνfµν ,
seems a candidate invariant scalar, giving something fundamentally different from Lovelock
gravity. But does such an addition give well-behaved equations of motion?

Arbitrary bimetric interactions typically break the lapse and shift constraints, and Boul-
ware, Deser [25] have shown that this allows the sixth metric degree of freedom to propagate
as a ghost (see Appendix B.2 for details). However, certain potentials exist which preserve3 at
least one of the GR constraints. This constraint can remove the BD ghost and give a healthy
interacting theory. Recalling the linear field redefinition (3.5), the Lovelock invariants,

S
(1)
Lovelock[gµν ], S

(1)
Lovelock[fµν ], S

(0)
Lovelock[f̃µν ] (3.6)

3Historically, UV completion of known linear theories [26] led to an interacting theory in which the lapse
and shift equations of motion are not independent—a linear combination of them serves as a constraint [27].
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are all separately good physical actions, and so one might consider their sum4,

SdRGT =

∫
d4x

{
M2
g

2

√
−gR[g] +

M2
f

2

√
−fR[f ]−M2

gm
2 det

(
βfE(f) + βgE(g)

)}
. (3.7)

This breaks the two copies of diffeomorphism invariance down to their diagonal subgroup—
effectively a single copy of diffeomorphism invariance. With fewer symmetries, one expects
fewer constraints, and more propagating degrees of freedom. While a general interaction
potential will break all the constraints, activating the BD ghost mode, this particular form
of interaction preserves enough symmetry to remove the BD ghost.

Action (3.7) can be written using elementary symmetric polynomials (Appendix A.2),

SdRGT =

∫
d4x

{
M2
g

2

√
−gR[g] +

M2
f

2

√
−fR[f ]−M2

gm
2√−g

4∑
n=0

βnen

(√
g−1f

)}
. (3.8)

The five βn coefficients are functions of βf and βg, and so this dRGT massive (bi)gravity
action is really a two-parameter family of theories [38].

The dRGT interaction modifies the field equations of motion [39],

M2
gGµν [g] ≡M2

gGµν [g] +M2
gm

2
3∑

n=0

(−1)nβnY
(n)
µν [g, f ] = 0,

M2
fGµν [f ] ≡M2

fGµν [f ] +M2
gm

2
3∑

n=0

(−1)nβ4−nY
(n)
µν [f, g] = 0,

where Y (n)
µν [g, f ] ≡

n∑
p=0

(−1)pep

(√
g−1f

) ((√
g−1f

)n−p)ρ
ν

gµρ.

(3.9)

The bare Einstein tensors are defined as before, Gµν [X] = Rµν [X] − 1
2XµνR[X], and the

effective Einstein tensors, Gµν are defined including the interaction terms, Y
(n)
µν .

An analysis of propagating degrees of freedom directly from the equations of motion is
rather involved, and as before more efficient progress can be made using constraint analysis.

3.3 Particle Content

Here, I show that dRGT interactions (3.8) break three (of four) constraints found in GR for
one of the metrics, allowing five propagating degrees of freedom (helicity states ±2,±1, 0).
This graviton has therefore acquired a mass. All four constraints remain for the other metric,
giving a second particle with (massless) helicity ±2 states only. The dRGT action (3.8)
therefore describes one massive, and one massless5, graviton.

3.3.1 Metrics in ADM Variables

One can perform an ADM foliation of fµν exactly as in § 2.3, defining a second lapse, M(t, xk),
a second shift, Mi(t, x

k), and a second spatial metric κij(t, x
k). In non-interacting actions

like Sdec (3.3), the lapse and shift of fµν give four constraints exactly as in GR, restricting the
six κij degrees of freedom to only two propagating modes. To study the effect of interactions,
one must reformulate the dRGT action in ADM variables.

4I should stress that the sum of ghost-free actions is not necessarily ghost-free, and so this sum should be
regarded with some scepticism until a thorough constraint analysis is performed in § 3.3.

5A historical distinction is made between the Mf = 0 case (dRGT massive gravity), with a single massive
graviton and static ‘reference metric’, and the Mf 6= 0 case (Hassan-Rosen bigravity) with one massive and
one massless graviton. Here we make no such distinction, and use ‘dRGT gravity’ to include both cases.
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3.3.2 Propagating degrees of freedom

The dRGT action (3.8) can be written in ADM variables, analogously to GR (2.20),

SdRGT =

∫
d4x

{
M2
g

2

(
Πij ḣij −NC[g]−N iCi[g]

)
+
M2
f

2

(
pij κ̇ij −MC[f ]−M iCi[f ]

)
−M2

gm
2N
√
h

4∑
n=0

βnen

(
M
√
κ

N
√
h

)}
,

(3.10)

where C,Ci are given by (2.21), and pij is the conjugate momentum of the spatial metric κij .
I defer the algebraic analysis to Appendix D.1.2, and simply state the conclusion: the shifts
may be redefined so that the dRGT term in (3.10) is linear in lapse N , but not shift N i.

Therefore while each metric has in principle six degrees of freedom, there exists five
constraints (from Lagrange multipliers N , M , Mi) to give only seven propagating modes
(removing the BD ghosts). 5+2 modes is consistent with a theory of one massive, and one
massless, graviton. This constraint structure is shown schematically in Figure 3 for gµν .
Note that a completely equivalent description exists in which the shift constraints of fµν are
broken—in which case it is fµν which acquires the mass (with gµν remaining massless).

4 Coupling to matter

4.1 Minimal Couplings

4.1.1 General Relativity

The GR action (2.11) describes a graviton propagating through empty space, uncoupled to
any matter fields. One may account for other fields Φ(x) (such as those of the Standard
Model) by a separate matter Lagrangian,

S[gµν ] = S
(1)
Lovelock[gµν ] + SM [Φ, gµν ], SM [Φ, gµν ] =

∫
d4x
√
−g LM [Φ, g]. (4.1)

Figure 3. The (symmetric) metric has ten independent entries. Four correspond to choice of coor-
dinates (fixed by diffeomorphism invariance), and the remaining six may be reduced by the presence
of Hamiltonian constraints. The active degrees of freedom determine the theory’s phenomenology.
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Performing variations in the metric once more, c.f. (2.12), yields Einstein’s field equations,
which define the energy-momentum, Tµν , and imply its conservation (with respect to gµν),

M2
gGµν = Tµν =⇒ ∇µTµν = 0,

where Tµν ≡
−2√
−g

δ (
√
−gLM )

δgµν
.

(4.2)

4.1.2 Massive Bigravity

In bigravity theories, there is the choice of two so-called minimal couplings,

SM [Φ, gµν ] =

∫
d4x
√
−g LM [Φ, g] or SM [Φ, fµν ] =

∫
d4x
√
−f LM [Φ, f ], (4.3)

A minimal
√
−g coupling appears in the field equations (3.9) as [39],

M2
gGµν [g] =

−2√
−g

δ (
√
−gLM [Φ, g])

δgµν
≡ Tµν [g], M2

fGµν [f ] = 0, (4.4)

and once again the energy-momentum is conserved with respect to the gµν covariant deriva-
tive. Analogous equations hold if one chooses a

√
−f coupling.

4.2 Non-minimal Couplings

Now I apply the linear field redefinition trick of § 3.2 in order to generate potentially healthy
non-minimal couplings to matter,

SM [Φ, g̃µν ] =

∫
d4x
√
−g̃ LM [Φ, g̃], E(g̃)

A
µ

= αgE(g)
A
µ

+ αfE(f)
A
µ
. (4.5)

The non-minimal coupling (4.5) has come to be known as the Jordan frame, while the min-
imal couplings (4.3) are now known as the Einstein frame. In a theory with N fields, this

generalises to, E(g̃)
A
µ

=
∑N

i αiE(i) [17].

At the level of the field equations of motion, a coupling term (4.5) appears in (3.9) as,

M2
gGρσ[g]

(
E(g)E(f)

)ρ(µ
gν)σ =

{
2αgαfδ

µ
ρ δ

ν
σ + α2

gf
λ(µδν)ρ

(
E(g)E(f)

)
λσ

}
g̃αρg̃βσ

−2√
−g

δSM [g̃]

δg̃αβ
,

M2
fGρσ[f ]

(
E(g)E(f)

)ρ(µ
fν)σ =

{
2αgαfδ

µ
ρ δ

ν
σ + α2

fg
λ(µδν)ρ

(
E(g)E(f)

)
λσ

}
g̃αρg̃βσ

−2√
−f

δSM [g̃]

δg̃αβ
,

(4.6)

where the index bracket denotes symmetrisation [39]. Taking the covariant derivative with
respect to the coupling metric g̃µν implies conservation of an effective energy-momentum,

∇µ(g̃)Tµν [g̃] = 0 where Tµν [g̃] ≡ −2√
−g̃

δ
(√
−g̃LM [Φ, g̃]

)
δg̃µν

. (4.7)

4.3 Particle Content

The matter fields Φ introduce new propagating fields. This complicates the simple ‘degree
of freedom counting’ by constraint analysis performed previously. The active degrees of
freedom in LM (scalar fields, spinors, etc.) may couple non-trivially to the sixth metric
degree of freedom, allowing it to propagate safely—without breaking the theory. Even if
Hamiltonian constraints appear broken, allowing six (or more) active modes, it is not clear
that a ghost exists without explicitly solving the field equations of motion. At present there
is no known method of doing this.
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In place of constraint analysis, I use the low-energy decoupling limit to study which metric
modes are propagating. Given the absence of a consistent quantum theory of gravity, one
should only trust a classical theory’s predictions below some effective cutoff scale. The exact
particle spectrum (including potential ghosts) above this cutoff is not physically meaningful,
and thus it suffices to study the dynamical degrees of freedom at low energies only. A full
description of the different energy scales in the theory is given in Appendix C.4. Here I will
consider dynamics below Λ3, the strong coupling scale of the dRGT interactions. This is the
lowest scale at which bimetric interactions take place, and sets the predictive regime (C.8).

4.3.1 Matter couplings in the decoupling limit

A metric may be split into helicity-0 (π), helicity-1 (Bµ) and helicity-2 (fµν) components,

fµν → (η + f)AB ∂µφ
A∂νφ

B, φA = xA − BA

mMg
− (η + f)AB ∂Bπ

Λ3
3

. (4.8)

This is known as a Stückelberg decomposition [40], effectively restoring the copy of diffeo-
morphism invariance broken by the dRGT interaction. The Λ3 bigravity decoupling limit
was developed by [41], and gives the effective field theory at energy scales below Λ3,

Mg, Mf →∞, m→ 0, while Λ3 ≡
(
m2Mg

) 1
3 fixed. (4.9)

In this limit, the evolution of the different fµν components decouple6.
Focussing on the dynamics of π, the sixth metric degree of freedom of fµν , aids presen-

tation (analogous arguments hold for gµν). It is then safe to neglect Bµ, fµν , and deviations
in gµν from a flat background—hereafter using ηµν to raise and lower all indices7. So if the
theory is to be ghost-free below Λ3, it must be ghost-free for,

gµν = ηµν =⇒ E(g)
A
µ

= δ Aµ ,

fµν = ∂µφ
A∂νφA =⇒ E(f)

A
µ

= δ Aµ −
1

Λ3
3

∂µ∂
Aπ.

(4.10)

My proposed matter coupling (4.5) in this limit takes the form,

det
(
αgE(g)

A
µ

+ αfE(f)
A
µ

)
= det

(
(αg + αf ) δ Aµ −

αf
Λ3
3

∂µ∂
Aπ

)
. (4.11)

In this low-energy effective theory, with decoupled metric components, it is now possible to
analyse the equations of motion directly.

4.3.2 Propagating degrees of freedom

It may seem that the exact form of LM must be specified in order to explicitly define the
active degrees of freedom. This is certainly true of the Φ degrees of freedom. However, the
field equations (4.6) guarantee that the associated stress-energy is conserved (4.7)—this is
a direct consequence of translational invariance. This symmetry is enough to determine the
active metric modes—it ensures that π is insensitive to couplings of the form (4.5). I defer
the lengthy algebraic details to Appendix D.2. As dRGT is ghost-free without matter, it is
therefore also ghost-free with my non-minimal couplings (at least below Λ3).

Therefore, in addition to any particles in the external Φ fields, the non-minimal matter
couplings (4.5) propagate a massive (and massless) graviton in a ghost-free way below Λ3.
The sixth metric degree of freedom may be activated (potentially as a ghost) at higher energy
scales, but this need not be fatal for the effective theory.

6Technically one must first unmix remaining interactions between helicity-2 and helicity-0 pieces, but this
unmixing does not affect the final result.

7There is now no distinction between spacetime and Lorentz indices in the vielbein formalism.
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5 Conclusion

5.1 Report Summary

I have recounted the construction of GR as a kind of Lovelock gravity—imposing physical
conditions (locality, Lorentz covariance and ghost freedom) on a spin-2 field and its action
and searching for suitable invariants. Then, following the approach of ADM [35], I have
found the corresponding Hamiltonian and shown that this theory describes a single massless
spin-2 particle: the graviton.

Then I introduced the dRGT [26] potential interaction between two metrics, in terms of
a symmetry-preserving transformation of Lovelock gravity. This modified theory of gravity
describes at least one massive spin-2 particle, as confirmed by explicit constraint analysis.

The final step in constructing my gravitational theory was to introduce a coupling to ex-
ternal matter fields. Having described the well-known minimal couplings in GR and massive
gravity, I presented how these may be transformed into non-minimal couplings, ghost-free
in the decouplimg limit, by an analogous symmetry-preserving transformation. This was a
precursor to the Einstein and Jordan frames recently discussed in the literature [22].

Recalling the overall aim—to construct the most general, classically consistent, theory
of gravity—the final result (for two spin-2 fields) is,

S =

∫
d4x

{
M2
g

2

√
−g R[g] +

M2
f

2

√
−f R[f ]−M2

gm
2VdRGT[g, f ] +

√
−g̃LM [Φ, g̃]

}
, (5.1)

where VdRGT = det
(
βgE(g) + βfE(f)

)
and E(g̃)

A
µ

= αgE(g)
A
µ

+ αfE(f)
A
µ

.

5.2 Limitations

My (5.1) represents a more general theory than existed in the literature previously, however
it is certainly not the most general. A discussion of the uniqueness of each of these terms is
given in Appendix C, and establishes a framework for future investigation.

In reality, deriving dRGT interactions from a linear field redefinition is not as rigorous as
other approaches in the literature (but is more transparent and concise). Consequently, my
derivation does not show the possible detuning of the βn coefficients. Any of the elementary
symmetric polynomials may be used in the action (3.8), and therefore my VdRGT is really
only a subset of all possible (healthy) dRGT interactions.

As my analysis has remained at the classical level, it is also unclear whether such modified
theories are any improvement on GR in terms of renormalizability. For quantum corrections
in modified gravity, see [16].

5.3 Future Work

There is still much work to be done. One may notice that, from the theory space Figure 1,
derivative couplings to matter, e.g. g̃ = g̃(∂g(i), ∂g(j)), have not been discussed. Very little is
known about the stability of such theories, and it would certainly prove interesting, in light
of our current understanding of the other sectors, to explore this in more detail. Interested
readers should pursue Bekenstein’s disformal transformations [42], which are the most general
scalar-tensor derivative couplings (which preserve the Weak Equivalence Principle).

On the phenomenology side, little attention has been devoted to theories of massive
multi-gravity (with more than two dynamical metrics). Recent theoretical progress [14, 17]
is beginning to pave the way for a deeper analysis of these models—which are potentially
capable of producing very interesting and novel cosmologies when coupled to matter.

Whilst GR is non-renormalizable from a quantum theoretic perspective, progress in that
direction has been made in supersymmetric [43] and loop quantum [44] generalisations. It
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would be worthwhile to study the corresponding generalisations of these modified gravity
theories, which may prove better behaved.

As I have presented the ghost problem here, it would seem that Hamiltonian constraints
are required of theories in order for them to be stable. As we have seen, this is a very restrictive
condition. However, there have been suggestions that problematic terms may be healed by a
suitable fixing of boundary conditions on the spacetime volume. A concrete example of this
effect is provided by f(R) theories, in which the lapse constraint is broken, introducing one
new degree of freedom (which may be a ghost). When extracting the equations of motion, one
obtains higher-than-second-order derivative terms which must be healed by a clever choice
of boundary conditions (to avoid the Ostrogradski ghost). There is currently no agreement
in the literature [45, 46] as to how this should be carried out in general theories, but this is
potentially a very powerful method of removing unwanted ghost modes from a theory.
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A Required Mathematical Background

In this appendix I provide a short primer on differential geometry (which should be familiar
to students of GR), and formally define the elementary symmetric polynomials which appear
in the dRGT action (3.8).

A.1 Basic Differential Geometry

Properties (i)-(iv) give gµν the natural interpretation of a metric on a 3+1-dimensional
spacetime manifold, which describes the invariant ‘distance’ between coordinate points xµ.
The determinant therefore describes an invariant volume factor,

dDx
√
−g(x) → dDx det

(
∂yµ

∂xν

)√
−g(y) = dDy

√
−g(y). (A.1)

Each contravariant object in the theory can define a corresponding covariant object,

Aµ = gµνA
ν , (A.2)

such that contractions of the form AµA
µ are coordinate invariant.

Further, the partial derivative ∂µ may be replaced with the covariant derivative,

∇µTα1···αn
β1···βm = ∂µT

α1···αn
β1···βn + Γα1

µλT
λ···αn
β1···βm + ...+ ΓαnµλT

α1···λ
β1···βm (A.3)

− Γλµβ1T
α1···αn
λ···βm − ...− ΓλµβmT

α1···αn
β1···λ ,

Γαβγ =
1

2
(∂γgαβ + ∂βgαγ − ∂αgβγ) , (A.4)

which is tensorial (i.e. ∇µAµ is an invariant scalar, while ∂µA
µ is not). The Γαβγ are known

as the Christoffel symbols, and it should be noted that they are not strictly tensors—they
do not transform as rank-3 objects under general coordinate transformations. However, they
may be combined to form the rank-4 Riemann curvature tensor,

Rαβµν = ∂µΓαβν + ΓαµλΓλνβ − (µ↔ ν), (A.5)

which, physically, is a measure of the curvature of spacetime. The Ricci tensor and scalar,

Rµν = Rλµλν , R = Rλλ. (A.6)

A.2 Elementary Symmetric Polynomials

Given a D ×D matrix XA
B, the elementary symmetric polynomials are (for 0 ≤ n ≤ D),

en[X] =
1

n!(D − n)!
ε̃A1A2···AD ε̃

B1B2···BDXA1
B1
· · ·XAn

Bn
δ
An+1

Bn+1
· · · δADBD , (A.7)

where ε is the completely antisymmetric Levi-Civita symbol (ε012...D = +1). Note that

eD[X] = det(X), and det (1 + λX) =
∑D

n=0 λ
nen (X). The en are exact functions of traces,

e0[X] = 1, (A.8)

e1[X] = trX, (A.9)

e2[X] =
1

2!

(
(trX)2 − trX2

)
, (A.10)

e3[X] =
1

3!

(
(trX)3 − 3 trX trX2 + 2 trX3

)
, (A.11)

e4[X] =
1

4!

(
(trX)4 − 6 (trX)2 trX2 + 8 trX trX3 + 3(trX2)2 − 6 trX4

)
, (A.12)

...

A discussion of how elementary symmetric polynomials naturally arise in the vielbein formu-
lation of massive gravity can be found in [37].
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B Relevant Ghosts

In this appendix I give a brief description of ghost modes (Ostrogradski and Boulware-Deser)
which plague arbitrary spin-2 field theories, and tightly restrict the allowed (healthy) actions.

B.1 Ostrogradski Ghost

A clear account of the Ostrogradski ghost is given in [30],

“If the higher [than second] order time derivative Lagrangian is non-degenerate,
there is at least one linear instability in the Hamiltonian of this system.”

– Chen et al. [30, p4]

In other words, if the action contains genuinely higher-than-second-order derivatives, the
resulting Hamiltonian has a linear term,

H(P,Q) ∼ −P1Q2 + ... (B.1)

and is thus unbounded from below, i.e. Q2 is a ghost-like mode and will run away to infinity.
The important caveat here is non-degeneracy. A degenerate derivative term may, under

a suitable redefinition/introduction of new fields, be written as a healthy second-order term.

B.2 Boulware-Deser Ghost

Boulware and Deser [25] showed that bimetric interactions (functions of gµνfµν) typically
contain a ghost. One can see the problem by performing a perturbative expansion of the
metrics around a flat background,

gµν = ηµν + gµν , fµν = ηµν , (B.2)

for which the leading order interaction terms take the Fierz-Pauli form [47],

gµνfµν ∼ gµν gµν − (gαα)2

= gijg
ij − (gkk)

2 − 2NiN
i + 2 gkk

(
1−N2 −Ni g

ijNj

)
,

(B.3)

which are at most quadratic in lapse and shift. This breaks the constraints (previously C = 0
and Ci = 0), as now the corresponding equations of motion read,

C ∼ gkkN, Ci ∼
(
ηij − gkk g

ij
)
Nj . (B.4)

This allows substitution of N and N i back into the Hamiltonian. The kinetic term contains,

H ⊃ C2

2 gkk
, (B.5)

and so for small (negative) perturbations in gkk, the energy is unbounded from below. This
corresponds to a ghost-like (sixth) metric degree of freedom.
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C Uniqueness

In this appendix I discuss the uniqueness of each term in my action (5.1): namely a GR kinetic
term, dRGT interactions, and non-minimal matter couplings. I also define the relevant
energy scales which should be considered in gravitational theories, with many references
which pursue the matter further. These scales are shown schematically in Figure 4.

C.1 General Relativity (Lovelock interactions)

The Lovelock invariants are the unique Lorentz scalars which can be constructed from
a single metric (and derivatives) with local, second-order equations of motion. GR in
D = 4 (2.11), is therefore not unique if one allows any one (or a combination) of the following:

• More than one metric. This route leads to the bi- and multi-gravity theories discussed
in this report.

• Degenerate equations of motion. As noted in Appendix B.1, this typically corresponds
to some new degree of freedom.

• Lorentz/Locality violations. Non-local gravity has recently enjoyed much activity [48].

• Deconstruction from higher than 4 dimensions. More dimensions give more Lovelock
invariants (2.9), and so higher dimensional gravity theories may have more varied
(healthy) interactions [11].

Also note the third non-zero Lovelock invariant in D = 4, in addition to (2.10),

Gauss-Bonnet, S(2) ∝
∫
d4x
√
−g
(
RαβµνR

αβµν − 4RµνR
µν +R2

)
=

∫
d4x
√
−g R̃αβµνRαβµν ,

(C.1)

where R̃αβµν is the dual Riemann tensor, and is completely transverse. This represents a
boundary term to the equations of motion. If we are free to choose suitably trivial boundary
conditions ‘at infinity’, this term can be set to zero. However, for theories with non-trivial
topology [49], or higher dimensional embedding [11], it can be significant.

C.2 Bigravity (dRGT interactions)

dRGT massive gravity (3.7) is the unique two-parameter family of coordinate-invariant (non-
derivative) spin-2 theories with a strong coupling scale not lower than Λ3 = (m2Mg)

1/3 [50].
Any interaction which is not of this form is therefore in danger of propagating a ghost at
unacceptably low energy scales (below Λ3), and certainly has inferior predictive power (in
the absence of a full quantum description of gravity).

As noted in § 5.2, our derivation of dRGT imposes a particular relation between the
five βn. While they are not completely independent, they may be detuned. These detuned
actions may be said to be ‘motivated’ by our construction via linear field redefinitions, but
ultimately a rigorous ADM analysis is required to confirm that they are ghost-free.

C.3 Coupling to Matter (Linear couplings)

Constructing new couplings as I have done, I can not be certain that my matter sector is
complete. There may be field redefinitions other than (3.5) which generate valid terms from
the Lovelock invariants. Here we briefly explore this possibility.

I have introduced the vielbeins for notational convenience, the final action should be
writable in terms of the metrics only. For example, the linear couplings,

det
(
αgE(g) + αfE(f)

)
=
√
−g det

(
αgδ + αf

√
g−1f

)
, (C.2)
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analogously to the introduction of elementary symmetric polynomials in the dRGT interac-
tion (3.8). This equivalent metric representation only exists providing that the square root,√
g−1f , is real. This occurs if and only if the symmetric vielbein condition holds [51],

E(g)
A
µ
E(f)νA

= E(g)
A
ν
E(f)µA

. (C.3)

With this in mind, consider a nonlinear field redefinition, e.g. E(g) → E−1(g)E(f)...E(g),

where the right hand side is a string of vielbeins and inverse vielbeins. The symmetric
vielbein condition allows us to reorder this string such that all inverse vielbeins are contracted
against corresponding vielbeins (yielding Kronecker deltas). In other words, without loss of
generality, this redefinition may be written as,

E(g) → E(g̃) = E
ng
(g)E

nf
(f). (C.4)

Then to evade the BD ghost, one must require that the matter coupling is at most linear
in the lapses (to be consistent with the dRGT constraint structure),

det
(
E(g̃)

)
∼ NngMnf +O(Nng−1,Mnf−1)

!∼ N +M.
(C.5)

Thus ng = 1, nf = 0, or vice versa, for ghost freedom—and we find that the most general
allowed redefinition of the form (C.4) is, in fact, a linear field redefinition.

In addition to sums and products of vielbeins, we could have a conformal scaling factor,

E(g̃) = α
(
E(g), E(f)

)
E(g), (C.6)

where α is a non-trivial scalar function of the vielbeins. These are beyond the scope of this
report, but are studied extensively in [52], and found to only couple acceptably to certain
kinds of matter.

Accepting the conditions under which the Lovelock invariants are the unique Lorentz-
covariant scalars, and demanding that the coupling should be healthy for all LM , the only
equally acceptable couplings to matter are of the (two-parameter) form (4.5). This naturally
generalises to an N -parameter coupling in a theory of N spin-2 fields.

C.4 Scales of Validity

The interactions between the different fields come with associated energy scales. These are
determined by the dimensional coupling coefficients, and effectively describe at what energies
the interactions are suppressed. The strong coupling scale, Λstrong, is the lowest scale which
suppresses the interactions (so below Λstrong the theory is approximately non-interacting).
This is the most important scale, as it determines the following properties:

ΛV : Vainshtein Mechanism. The scale ΛV is tied to the Vainshtein radius, and describes the
transition from the (classically) linear to the nonlinear regime. Classical nonlinearities
become important below a radius [18],

rV ∼
(
M

Mg

)1/3 1

Λstrong
, (C.7)

from a mass, M . The nonlinear Vainshtein mechanism allows GR to be recovered in
the massless limit of dRGT gravity (avoiding the the vDVZ discontinuity [53]).
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ΛQ: Quantum Scale. Beyond ΛQ, the quantum corrections dominate the classical predictions
of the theory, and perturbative unitarity is violated. In principle, if one had a consistent
renormalization procedure, the theory would still be useful. That we are unable to
calculate things beyond ΛQ is a consequence of our ignorance, not strictly a failure of
the theory. The theory only has predictive power beyond an effective radius [18],

rQ ∼
1

Λstrong
. (C.8)

Λc: Unitarity cutoff. Beyond Λc, one finds (non-perturbative) unitarity violations [54].
The theory is therefore no longer internally consistent, and incurably sick. Some other
physical mechanism must take over at these scales, to remove these violations.

An arbitrary (interacting) bimetric theory has a strong coupling scale of Λ5 ∼ 10−11km−1

(associated with the pure helicity-0 interactions [50]), corresponding to ΛQ ∼ 10−24km−1.
Such a theory is dominated by quantum corrections on scales comparable to the size of the
observable universe! By tuning the interactions, we can raise the strong coupling scale, up
to a maximum of Λ3 (i.e. dRGT interactions) [50].

Figure 4. The scale of the lowest interaction, Λstrong, determines the regimes of validity of the theory,
and is maximum for dRGT (Λn ≡ m(Mg/m)1/n). A theory has predictive power below ΛQ only. GR
is only (classically) well-defined below the Planck scale, Mg, setting the maximum for its modified
counterparts. Note that exotic hierarchies are possible in which these regimes overlap/exchange places.
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D Algebraic Details

In this appendix I outline the explicit ADM and decoupling limit calculations which support
the claims made in the main text.

D.1 ADM Reformulations

An ADM foliation of the metric is described in § 2.3.1. Here I show how these new variables
may be used to write the GR and dRGT actions in a more useful form—namely with explicit
Lagrange multipliers (or lack thereof).

Some machinery which will prove useful:

• Spacelike indices are raised with hij ,

N i = hijNj , (D.1)
where the inverse metrics satisfy,

gµλg
λν = δνµ, hikh

kj = δji . (D.2)

gµν =
1

N2

(
−1 N j

N i N2hij −N iN j

)
. (D.3)

• Defining σµ as the (timelike) unit normal vector to each Σ, the metric can be written,

gµν = hµν + σµσν , h0i = 0. (D.4)

• The vielbeins in explicit ADM variables,

E(g)
A
µ

=

Nγ +Nke ak Pa NP a +Nke bk

(
δab + PbP

a

1+γ

)
e ai Pa e bi

(
δab + PbP

a

1+γ

)  , E(f)
A
µ

=

(
M Mkl ak

0 l ai

)
,

(D.5)
where the Lorentz γ ≡

√
1 + PaP a and e ai e

b
j δab = hij , l

a
i l

b
j δab = κij . Gauge invariance

(3.2) has been used to fix P a(f) = 0. In general it is not possible to fix both P a and

P a(f), so one must leave P a explicit8.

D.1.1 Translating L(1)Lovelock =
√
−g R to ADM

The volume element can be explicitly calculated from equation (2.18) or (D.5),

d4x
√
−g ≡ d4x det

(
E(g)

A
µ

)
= d4x N

√
h. (D.6)

The Riemann curvature of the spatial hypersurfaces is defined via the exterior derivative,

R(3)
c
dab
V d ≡ (DaDb −DbDa)V

c, (D.7)

Dc T
a1···ak
b1···bl = ha1d1 · · ·h

el
bl
h fc ∇f T d1···dke1···el , (D.8)

where V d is an arbitrary vector field. It is also convenient to define the exterior curvature
via the Lie derivative,

Kij ≡
1

2
Lσhij =

1

2N

(
ḣij − LNhij

)
,

where LV hij ≡ DiVj +DjVi.
(D.9)

8Final results should be independent of gauge. For example (for proper Lorentz transformations),

det ΛPa = 1 =⇒ det
(
ΛPaE(g)

)
= N
√
h ∀ Pa,

and so the volume element (= d4x
√
−g), is insensitive to Pa.
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Employing the following identities [36],

R = 2 (Gµνσ
µσν −Rµνσµσν) , (D.10)

Gµνσ
µσν =

1

2

(
R(3) +Ki

iK
j
j −KijK

ij
)
, (D.11)

Rµνσ
µσν = Ki

iK
j
j −KijK

ij + boundary terms, (D.12)

recasts9 the Lagrangian as,

L = N
√
h
(
R(3) +KijK

ij −K2
)
, (D.13)

where R(3) is the Ricci scalar for a 3-space slice.
(D.13) allows definition of canonical momenta,

Πij
(h) =

δL
δḣij

=
√
h
(
Kij −Kk

kh
ij
) Πi

(Nk)
=

δL
δṄi

= 0

Π(N) =
δL
δṄ

= 0
(D.14)

where the over-dot signifies a Lie derivative along the local direction of time [56]. This gives
the Lagrangian (2.19),

L = Πij ḣij +N
√
h

[
R(3) +

1

h

(
1

2
Πi
iΠ

j
j −ΠijΠij

)]
+Nj

[
2Di

(√
hΠij

)]
. (D.15)

D.1.2 Translating LdRGT = L(1)[g]−M2
gm

2√−g
∑

n βnen(
√
g−1f) to ADM

Focusing attention on the constraint which removes the gµν ghost degree of freedom aids
presentation (although analogous arguments apply for the fµν ghost). Hassan, Rosen [57]
introduce the new variables,

N i = ni +M i +NDi
jn
j ,
√
xDi

j =
√

(hik −Di
nn

nDk
mn

m)κkj , x = M2 − nkκkjnj .
(D.16)

This choice can be motivated by the Hessian condition [11], but here we simply show that
this indeed gives the desired outcome. The N i equations of motion to be replaced with ni

equations of motion,

∂LdRGT

∂ni
= 0 =⇒ Ci = −m2

√
h
nkκkj√

x

[
β1δ

j
i + β2

√
x(δjiD

m
m −D

j
i)

+ β3
√
x
2
(

1

2
δji (D

m
mD

n
n −Dm

nD
n
m) +Dj

mD
m
i −D

j
iD

m
m

)]
.

(D.17)

∂LdRGT

∂N
= 0 =⇒ C + CiD

i
jn
j = m2

√
h

[
β0 + β1

√
xDi

i +
1

2
β2
√
x
2
(Di

iD
j
j −D

i
jD

j
i)

+
1

6
β3
√
x
3
(Di

iD
j
jD

k
k − 3Di

iD
j
kD

k
j + 2Di

jD
j
kD

k
i)

]
.

(D.18)

These are independent of N . The ni equations can be solved for nk (hij , πij) (as the expression
in square brackets is, in principle10, invertible), and thus the N equation becomes a constraint
on (hij , πij). This eliminates the potential ghost degree of freedom from the massive metric.

9Boundary terms (total derivatives) can be safely ignored, as they may be set to zero (on integration) by a
suitable choice of volume and boundary conditions. However, for non-trivial topologies or during quantisation,
this becomes a subtle issue—more fully explored in [55].

10Even [57] admit that an “explicit non-linear solution may be difficult to obtain” (p18), but the nk can be
expressed in terms of Ci (hij ,Πij) at least perturbatively.
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D.2 Decoupling Limit Equation of Motion

Here I apply the Λ3 bigravity decoupling limit of [41] to my new matter couplings to explic-
itly demonstrate ghostlessness below the dRGT strong coupling scale, Λ3. This calculation
was carried out for the linear couplings by [15], in parallel with the related (independent)
computation by [17]. The results, where they overlap, agree.

From the dRGT action (3.7), the helicity-0 equation of motion for π may be written,

Eπ = 0, (D.19)

and may be shown to be ghost-free11 [58]. Including a coupling to matter,
√
−g̃, thus gives,

Eπ + Ematter
π = 0,

Ematter
π =

∂
(√
−g̃LM [g̃]

)
∂π

=
1

Λ3
3

∂A∂B

(
∂
(√
−g̃LM [g̃]

)
∂g̃µν

∂g̃µν
∂ΠAB

)
, ΠAB =

∂A∂Bπ

Λ3
3

.

= − 1

Λ3
3

∂A∂B

(√
−g̃ Tµν

E(g̃)µC

∂ΠAB
E(g̃)

C
ν

)
.

(D.20)

Note that in general, the term in ∂A∂BT
µν in the π equation of motion introduces third

(or possibly higher) order derivatives in π, and we may have the Ostrogradski ghost. However,
if we consider a coupling to matter of the form (4.11),

∂E(g̃)
A
µ

∂Παβ
∝ δαµδAβ, (D.21)

we may exploit the field equations of motion (4.7),

∇(g̃)
µ Tµν [g̃] = 0

=⇒ ∂µ

(√
−g̃ Tµν

)
=
√
−g̃ ΓναβT

αβ
(D.22)

where the covariant derivative and the Christoffel symbol are defined with respect to the
coupling metric g̃,

Γναβ = −g̃νλE(g̃)
C
λ
∂CE(g̃)αβ

. (D.23)

Finally, substituting (D.22) and (D.21) into (D.20), we arrive at,

Ematter
π = − 1

Λ3
3

∂B

[√
−g̃ Tαβ

(
ΓναβE(g̃)

B
ν

+ ∂BE(g̃)αβ

)]
≈ 0.

(D.24)

That is, imposing the equation of motion (D.22), the matter contribution to the helicity-
0 mode equation vanishes identically, and thus does not reintroduce any ghost which pure
dRGT gravity avoids, at least below Λ3.

11Although generally higher-than-second-order, the derivatives are degenerate—see Appendix B.1.
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